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Abstract
First principle calculations of the phonons of
graphene-h-BN heterostructures are presented and
compared to those of the constituents. We show
that AA and AB’ stacking are not only energet-
ically less favoured than AB but also dynamically
unstable. We have identified low energy flat phonon
branches of h-BN character with out of plane dis-
placement and evaluated their coupling to electrons
in graphene.
1 Introduction
After the discovery of graphene, several other two-
dimensional crystals were created and their com-
bination in what have been called van der Waals
heterostructures is currently in the focus both for
fundamental science and potential applications[1].
Hexagonal boron nitride (h-BN) is particularly im-
portant as the best known insulating substrate for
graphene to reach the highest electron mobility[2,
3, 4, 5, 6, 7, 8, 9]. The small lattice mismatch of
1.8% between h-BN and graphene and the pos-
sibility to change the relative orientation provide
a tunable modulation of the lattice. This pro-
vides a playground to study electronic structure
and transport in incommensurate potentials, one of
the fundamental issues in quantum mechanics [10,
11, 12, 13, 14, 15]. The first graphene-h-BN field-
effect transistor[16] based on tunneling of elec-
trons from graphene through h-BN was recently
created, paving the way for other graphene-h-
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BN devices[17, 18]. The interface between graphene
and h-BN is therefore interesting both for struc-
tural and electronic properties. The phonon spec-
trum of the combined structure is important for
characterization and the coupling to electrons can
affect tunneling characteristics.
In this article we calculate from first princi-
ples the phonon spectra of the graphene-h-BN het-
erostructure in comparison to the constituents. We
found several flat phonon branches of h-BN char-
acter with out of plane displacement that provide
large peaks in the phonon density of states and eval-
uate their coupling to electrons in graphene. Many
theoretical papers studying graphene-h-BN sys-
tems have been published[19, 20, 21, 22, 23, 24] and
although ab initio calculations of the phonon spec-
tra exist for both graphite[25] and BN[26], to our
knowledge phonons of combined structures have
not yet been reported in the literature.
In section 2 we describe the computational ap-
proach and in section 3 the geometry of the inter-
face. In 4 the calculated phonon spectra are pre-
sented and in 5 we present our results on electron
phonon coupling. A summary and conclusions are
given in 6.
2 Computational Methods
First principles calculations of the electronic struc-
ture and the phonon dispersions were performed
using the Vienna ab initio simulation package
(vasp)[27, 28]. As standard DFT (eg. LDA, GGA)
fails in accurately describing the inter-layer van
der Waals interactions, multiple schemes have been
proposed to deal with dispersive forces. We use the
van der Waals density functional proposed by Dion
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et al.[29] (vdW-DF) as implemented in vasp by
Klimesˇ et al.[30, 31] using the algorithm of Roma´n-
Per´ez and Soler[32]. One can combine this vdW-
DF scheme with various functionals. The original
paper[29] uses the revPBE functional, but Hazrati
et al. [33] have shown that the optB88 describes
better the inter-layer distance of graphite. The
optB88 functional was also used by others to study
the h-BN-metal interface [34]. Therefore we use the
optB88 functional for all phonon calculations. The
standard PAW data sets of vasp were used[35, 36].
The cutoff energy for the planewave basis set was
550 eV. A second order Methfessel-Paxton scheme
[37] with a smearing of 0.2 eV was used to deter-
mine the occupancy of the electronic levels. While
doing band-structure calculations with the optB88-
vdW functional we noticed however that there were
large fluctuations of the conduction bands as a
function of the box-size (eg. the amount of vacuum)
and therefore we used the optB86-vdW functional
for the band structure calculations of graphene and
h-BN systems to evaluate the electron phonon cou-
pling.
For graphene-h-BN heterostructures, we distin-
guish between bulk and bilayer systems: the bulk
system consists of one layer of h-BN and one of
graphene, periodically repeated in all directions,
while the bilayer has a vacuum of ≈ 25 A˚ sepa-
rating the periodic images in the z-direction. For
comparison we also calculate the phonon spectra
of single layer and bilayer graphene and of single
layer and bilayer h-BN. A Γ-centered 24 × 24 × 6
k-point mesh was used for bulk systems, and a
24 × 24 × 1 for bilayer systems. For the phonon
calculations we used the same k-point densities in
the suitable supercells described later. The dynam-
ical matrix for the phonon dispersion was calcu-
lated by the finite differences method[38, 39, 40],
as implemented by[40], by displacing the atoms by
±0.015 A˚ in each symmetrically non-equivalent di-
rection. To improve accuracy, the initial equilib-
rium atomic positions were relaxed until the forces
were less than 0.0001 eV/A˚.
3 Structure
The lattice parameter of h-BN is 1.8% larger than
that of graphene, leading to moire´ patterns [41],
which are also observed experimentally [6, 15, 10,
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Figure 1: The three stackings we consider for C-
h-BN systems. (I) The AB-stacking, with a C
atom on top of a B atom, is energetically the most
favourable. (II) AB′ with a C atom on top of a N
atom. (III) AA-stacking.
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Figure 2: Interlayer binding energy per unit cell of a
graphene-h-BN bilayer as a function of the distance
between the two layers for in-plane lattice constant
a = 2.49 A˚. The zero corresponds to the energy
calculated at a separation of 15 A˚.
13]. Therefore the description of graphene-h-BN re-
quires large unit cells which are beyond the reach
of DFT methods.
Our strategy has been to use the normal bulk
unit cell (two atoms per layer) and we determined,
by minimizing the energy, the lattice parameter
a = 2.49 A˚ and interlayer distance d = 3.30 A˚ for
the combined structure. In the case of bulk ma-
terials d is half of the out of plane lattice vector
c. These values can be compared with the ones we
find for graphite and bulk h-BN, a = 2.47 A˚ d =
3.36 A˚ and a = 2.505 A˚ d = 3.30 A˚ , respec-
tively. Further accuracy was obtained by minimis-
2
ing the residual forces until they were less than
0.0001 eV/A˚.
The various stackings studied are shown in fig-
ure 1. As shown in various calculations[19, 22],
the energetically most favourable configuration for
combined graphene-h-BN systems is the AB stack-
ing where one carbon atom sits on top of a boron
atom and one sits in the middle of a BN hexagon.
The other stackings are the AB′ where one carbon
atom sits on top of one nitrogen atom and the AA
stacking. For bulk h-BN, the AA stacking corre-
sponds to two possible situations, where the one
with a boron atom on top of a nitrogen atom is
the most stable. For graphite the AB is the most
favourable stacking.
In figure 2 we show the interlayer binding energy
for a graphene-h-BN bilayer as a function of the
distance between the two layers for the different
stackings. The AB stacking (I in fig. 2) is indeed
the most stable configuration at a interlayer dis-
tance d = 3.30 A˚ (−135 meV). The results can
be compared to more accurate ACFDT-RPA cal-
culations done by Sachs et al.[22], who found an
interlayer distance of 3.35 A˚ with a binding energy
of −83 meV, meaning that our binding energy is
≈ 1.6 times larger. The overestimation of the bind-
ing energy by the vdW functional is also observed in
other studies where the interaction between small
molecules and graphene is studied[33, 42, 43]. For
the AB′ stacking we find d = 3.45 A˚ (−118 meV)
and for the AA stacking d = 3.49 A˚ (−114 meV).
4 Phonons
We first calculate the phonon spectra of graphene
(figure 3a) and h-BN (figure 3b) for both single
layer and bilayer systems. For graphene, a =
2.47 A˚ and the interlayer distance for the bilayer
system is d = 3.36 A˚; for h-BN a = 2.505 A˚ and
d = 3.35 A˚. For the phonon calculations we used a
4×4×1 supercell for the Γ-M line in the Brillouin-
zone and a 8a × √3a × 1 cell for M-K-Γ. For the
single layer calculations we used a 8×8×1 supercell
because smaller cells gave rise to small imaginary
frequencies (ω2 < 0) close to Γ.
The main differences between the phonon disper-
sions of graphene and h-BN are in the lowest lying
modes. For carbon the lowest mode at K is fourfold
degenerate while for h-BN this degeneracy is lifted
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(a) Graphene single-layer (red line) and bilayer (blue
dashed)
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(b) h-BN single-layer (red line) and bilayer (blue
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Figure 3: The phonon spectra of single-layer and
bilayer (a) graphene and (b) h-BN. For h-BN a
Gaussian smearing and a non-analytical correction
were used to account for the LO-TO splitting at
q → Γ (see e.g. Ref. [48]). For both bi-layer
systems we used the energetically most favourable
stackings (AB for graphene and AA′ for h-BN).
due to the two different atoms in the unit cell. As a
result, in h-BN the lowest two branches, which are
both polarized out of plane, are almost flat over
the whole M-K range. The eigenvector of the low-
est branch involves mostly the nitrogen atom and
that of the second branch mostly the boron atom.
The frequencies of these modes are given in table 1.
In figure 4 we show the phonon dispersion of a
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Figure 4: Phonon dispersion of a graphene-h-
BN bilayer, calculated with the optimized lattice
parameter a = 2.49 A˚ and interplanar distance
d = 3.30 A˚). The colours show which layer con-
tributes the most to a particular mode.
bilayer graphene-h-BN. The spectrum is almost the
superposition of the spectra of the two constituents.
In the figure the colours represent the contributions
of each layer to the phonon mode. Each mode is
rather localized on either layer with the exception
of the acoustical modes around Γ. This coupling
makes that the two lowest acoustical branches at
Γ anticross and reach M at different frequencies.
These modes remain almost flat between M and K.
We will discuss the coupling to electrons of these
flat branches in section 5.
It is worth noting that there is a frequency ratio
of roughly 1 to 2 of the two lowest lying h-BN-
branches with z-polarization which can result in
the non-perturbative anharmonic effect known as
Fermi resonance. This can lead to new phenomena
like splitting of the upper branch and low frequency
dissipation associated with energy transfer between
the two modes.[44, 45, 46, 47]
In figure 5 we show the phonon dispersion of
bulk graphene-h-BN along the line A-Γ and from
Γ to 1/3M for the three different stackings. For
the A-Γ calculations the unit cell was doubled in
the z-direction. We find that the transverse in-
plane modes have imaginary frequencies (ω2 < 0)
for the less stable AB′ and AA configurations over
the whole A-Γ line, meaning that the layers tend
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Figure 5: Low frequency phonon dispersion rela-
tions along A−Γ and from Γ-1/3M for the three dif-
ferent stackings for bulk graphene-h-BN. The AB′
and AA stackings have negative (imaginary) fre-
quencies.For higher frequencies the different stack-
ings yields the same result.
to slide onto each other. This means that the AB′
and AA configurations are not only energetically
less favourable but also dynamically unstable.
Note that, for the unstable stackings, there is also
a smaller imaginary part of the z-polarized flexu-
ral mode in the line Γ-M. This is a numerical er-
ror related to the supercell size analogous to the
one discussed for a single layer due to the peculiar
quadratic dispersion of the flexural modes. These
imaginary frequencies are smaller and become real
well before reaching the M point.
5 Electron-phonon coupling
The peculiar phonon spectrum of graphene-h-
BN discussed in the previous section, with low en-
ergy flat branches with out of plane displacement of
the nitrogen or of the boron atom lead to enhanced
van Hove singularities. In two dimensional crys-
tals, in general, the van Hove singularities in the
phonon density of states are either finite disconti-
nuities (at the edges of the phonon dispersion) or
logarithmic divergencies at saddle points [49]. The
lowest branch between M and K that connects the
top of the flexural acoustic modes along Γ-M to the
K point has a dispersion of only 0.3 meV, making
the spectrum effectively one dimensional. In this
situation, one can expect a much stronger van Hove
singularity ∝ (ωc − ω)−1/2 (ω < ωc) typical of the
one dimensional case. This strong van Hove singu-
larity should be visible in IV characteristics of tun-
4
M
h-BN 307.1 - 625.6 - 1255.3 -
C - 472.7 - 632.0 - 1382.3
C-h-BN 296.8 481.4 614.9 641.4 1292.8 1323.5
K
h-BN 313.4 (g=0.24) - 585.1 (g=0.16) - 1272.6 -
C - 534.0 (g=0.048) - - - 1294.4
C-h-BN 299.8 545.1 579.1 - 1311.8 1226.9
Table 1: Frequencies for the flat bands at M and K in cm−1. Except the last two columns, which are in
plane modes, all values listed are for out of plane modes. 1 cm−1 = 8.1−1 meV. For selected modes we
give the eph coupling constant g between brackets.
nelling currents (see e.g. Refs. [50, 51, 52]). Along
the M-K direction there are also other branches
with little dispersion at higher energies, for which
the values are also given in table 1. An analysis
of the phonon eigenvectors at the K point shows
that the branches with E = 299.8 cm−1 (37.1 meV)
and E = 579.1 cm−1 (71.8 meV) at K correspond
to out of plane displacement of the nitrogen and
boron atoms respectively whereas the highest flat
branch correspond to in-plane motion. Obviously
out of plane modes of h-BN should interact much
more strongly with graphene than in-plane modes.
Phonons at the K point connect the K and K’
electron valleys in graphene[53] leading to a split-
ting ∆E = 2|HKK′ | where HKK′ is the matrix el-
ement of the Hamiltonian in the lattice distorted
according to the phonon eigenvectors at K and K’.
For a single h-BN layer, single phonon processes are
forbidden by the symmetry z → −z and one would
have to consider two phonons processes where the
splitting should be proportional to the square of
the phonon displacements. For the bilayer BN in-
stead, single phonon processes are allowed due to
the modulation of the interlayer hopping parame-
ters.
To calculate the dimensionless electron-phonon
coupling constant g, defined as g =
√
h¯
2Mω
1
h¯ω
∆E
∆u
we make an estimate for ∆E∆u by use of a frozen
phonon displacement. Since the modes we consider
correspond to the displacement of a single type of
atom, the mass M is taken as that of the relevant
atom. Atoms are displaced according to the eigen-
vector u of the considered phonon mode. The dis-
placements break the symmetry of the lattice and
the points K and K ′ are no longer equivalent. E is
then taken to be the difference in energy between
the top of the valence band at K and at K ′. In
this way, we have calculated the values of g given
in table 1 for the low lying out of plane modes for
both bilayer h-BN and graphene. We see that the
electron phonon coupling is strongest for the mode
with h-BN character. The mode dominated by the
nitrogen atoms have the highest g. This fact might
have been expected because the van der Waals in-
teractions between carbon and nitrogen have been
found to be stronger than those between carbon
and boron[22].
6 Conclusion
We have shown that the phonon dispersions of
graphene-h-BN heterostructures are very close to
the superposition of the ones of the constituent
layers, with mixing only for the acoustical modes
near Γ. The phonon dispersions, reveal a dynami-
cal instability of the less favourable stackings. Flat
branches with h-BN character are shown to provide
a sizeable electron phonon coupling to the valence
band of graphene.
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